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NO FUNCTIONS CONTINUOUS ONLY AT POINTS IN A
COUNTABLE DENSE SET
CESAR E. SILVA AND YUXIN WU
Abstract. We give a short proof that if a function is continuous on a count-
able dense set, then it is continuous on an uncountable set. This is done for
functions defined on nonempty complete metric spaces without isolated points,
and the argument only uses that Cauchy sequences converge. We discuss how
this theorem is a direct consequence of the Baire category theorem, and also
discuss Volterra’s theorem and the history of this problem. We give a sim-
ple example, for each complete metric space without isolated points and each
countable subset, of a real-valued function that is discontinuous only on that
subset.
1. Introduction. A function on the real numbers that is continuous only at 0
is given by f(x) = xD(x), where D(x) is Dirichlet’s function (i.e., the indicator
function of the set of rational numbers). From this one can construct examples of
functions continuous at only finitely many points, or only at integer points. It is
also possible to construct a function that is continuous only on the set of irrationals;
a well-known example is Thomae’s function, also called the generalized Dirichlet
function—and see also the example at the end. The question arrises whether there
is a function defined on the real numbers that is continuous only on the set of ra-
tional numbers (i.e., continuous at each rational number and discontinuous at each
irrational), and the answer has long been known to be no. Dunham discusses in [5]
Volterra’s 1881 theorem that implies this result. The standard proof now proceeds
by arguing that the set of continuity points of a function must be a countable in-
tersection of open sets, and that by Baire’s category theorem, Q is not a countable
intersection of open sets. As Dunham [5] points out, Volterra’s proof appeared
before Baire’s theorem, and in [5] he gives a nice short argument of Volterra’s
theorem.
We prove that for complete metric spaces, without isolated points, there are no
functions continuous only on a countable dense set. This, of course, also follows
from Baire’s theorem by the previous remarks. Our argument, though, only uses the
fact that Cauchy sequences must converge. As in [5], we are interested in techniques
independent of Baire’s theorem that can be used in an undergraduate real analysis
class. The main idea is to construct a new point in a nested decreasing intersection
of closed balls. This idea of creating a new point in a countable intersection of closed
bounded intervals can already be seen in Cantor’s 1874 proof of the uncountability
of the real numbers (see, e.g., [6]), and Volterra’s original proof does use a version of
the Nested Intervals theorem as remarked in [5]. There are proofs already that use
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the Nested Intervals theorem to prove that there is no function that is continuous
only on the rational numbers, or on a countable dense set of real numbers, see
Gauld [8], Lee [13], and Saxe [17]. We then show that with a slight modification,
whose ideas are already contained in Volterra’s [19] paper, our proof can be used to
obtain Volterra’s result for complete metric spaces, Theorem 2; in fact, we obtain
a slightly stronger result than Volterra’s as stated by Gauld [8] (Gauld mentions
that his proof also works for compact metric spaces and our remark is that it works
in the setting of complete metric spaces).
2. Historical Remarks. We now make a few remarks regarding the history of
this problem. First we discuss the theorems and then the examples. The story of
the theorems begins with Volterra’s theorem of 1881. Let C(f) stand for the set
of points where the function f is continuous, and D(f) for its set of discontinuity
points. Volterra proved that if f and g are real-valued functions defined on R and
such that C(f) and C(g) are dense, then C(f)∩C(g) is nonempty (in fact, is dense
as noted in [8]). From this it follows that there is no function f such that C(f) = Q,
since in Volterra’s theorem one can choose g to be Thomae’s function, for which
C(g) = Qc. To see Volterra’s theorem as a consequence of Baire’s category theorem,
which was published eight years later in 1899, we recall some facts about sets. If a
set A is a countable union of closed sets, i.e., A =
⋃
∞
n=1
Fn where each Fn is closed
(such a set is called an Fσ set), then its complement A
c =
⋂
∞
n=1
F cn is a countable
intersection of open sets (a set of this form is called a Gδ set), and vice versa. It
has been known for some time that D(f) is an Fσ set. There is a proof of this
for functions of a real variable in Lebesgue [14, p. 235], and the reader may find
a nice short proof in Oxtoby [15, Theorem 7.1]. (We learned of the reference to
Lebesgue in Renfro [16], where one can also find references to many other sources).
This has been generalized: as Bolstein [2] points out, there is an outline of a proof
for functions on topological spaces (which are more general than metric spaces) in
Hewit-Stromberg [11, Exercise 6.90]. It follows then that the set C(f) = D(f)c is
a countable intersection of open sets.
Now, Baire’s category theorem states that, in a complete metric space X , a
countable intersection of dense open sets is dense, and equivalently, that X is not a
countable union of nowhere dense sets (a nowhere dense set is a set whose closure
has empty interior); see e.g., [18, 3.3.2, 3.3.3]. It follows then that if C(f) and C(g)
are dense, then their intersection is dense, so nonempty. In fact, we obtain more:
that if we have a countable family of functions fi so that each C(fi) is dense, then
the intersection of the family is dense. Gauld and Piotrowski [9] defined Volterra
spaces as those for which C(f) ∩ C(g) is dense when C(f) and C(g) are dense.
Clearly spaces that satisfy Baire’s theorem, such as complete metric spaces, are
Volterra spaces, and the fact that the converse is not true was shown in [10]—
spaces for which Volterra’s theorem holds have been studied in [3]. Finally we note
that Gauld gave a proof in [8], just using the Nested Intervals theorem in R, that
G(f)∩G(g) is in fact uncountable. The fact that this intersection is uncountable also
follows from Baire’s theorem since it were countable then R would be a countable
union of nowhere dense sets. Gauld also mentions that his methods generalize to
compact metric spaces. As in [8], we are interested in giving a self-contained proof
of these results, and instead of using the Nested Intervals theorem, we use Cauchy
completeness.
3Now we consider the examples. A natural question to ask now is if a set that
is a countable union of closed sets admits a function with that set as its disconti-
nuity points; for the case of the rationals the answer is yes and given by Thomae’s
function. For the general case on the real line this was shown in 1903 by W. H
Young [20] and in 1904 by Lebesque [14]; there is a simple construction in Oxtoby
[15, 7.2]. The construction was generalized to metric spaces by H. Hahn in 1932
[12] (we learned of the paper of Hahn in Bolstein [2]). Then Bolstein [2] proved
this fact for a large class of topological spaces that includes, for example, locally
compact Hausdorff spaces. More recently, Kim [7] constructed a function that is
continuous on any countable intersection of open sets in an arbitrary metric space
(without isolated points), although does not seem aware of the earlier results of
Young-Lebesgue-Hahn, and Bolstein. Our example at the end is somewhat simpler
and is in the case where the countable union of closed sets is replaced by a countable
set and is in any complete metric space.
3. The Theorems.
Theorem 1. Let X be a nonempty complete metric space without isolated points.
If a real-valued function on X is continuous on a countable dense set, then it is
continuous on an uncountable dense set.
Proof. Let f : X → R be a function and let A ⊂ X be a countable dense set such
that f is continuous at every point in A. We will first show that there is a point
z ∈ X \ A such that f is continuous at z. Write A = {qn : n ∈ N}. We define, by
induction, a nested sequence {Cn : n ∈ N} of closed balls with radii decreasing to
0 such that qn /∈ Cn, there is a point z ∈
⋂
n
Cn, and
|f(x)− f(y)| <
1
2n−1
for all x, y ∈ Cn.
Before proceeding with the construction we note that it implies that f is continuous
at z. Let ε > 0 and choose n ∈ N so that 1/2n−1 < ε. Choose δ > 0 such that the
ball B(z, δ) is in Cn. If x ∈ B(z, δ), then |f(x) − f(z)| <
1
2n−1
< ε. Therefore f is
continuous at z.
For the inductive construction we start by setting p1 = q1. By continuity at p1,
there exists an open ball B(p1, δ1) such that |f(x)−f(p1)| <
1
2
for all x in B(p1, δ1).
Choose C1 a closed ball, of radius s1 with 0 < s1 < 1/2, contained in B(p1, δ1) and
missing q1 = p1 (which we can do as p1 is not an isolated point).
For the inductive step suppose that we are given an open ball B(pn, δn), where
pn ∈ A, such that
|f(x)− f(pn)| <
1
2n
for all x ∈ B(pn, δn),
and a closed ball Cn, of radius sn, inside B(pn, δn) and not containing qn. Choose
now an element of A, denoted by pn+1, in B(pn, δn). By continuity at pn+1, there
exists an open ball B(pn+1, δn+1), that we can choose inside B(pn, δn), such that
|f(x)−f(pn+1)| <
1
2n+1
for all x ∈ B(pn+1, δn+1). Choose a closed ball Cn+1 inside
B(pn+1, δn+1), of radius sn+1 <
sn
2
, and that misses the element qn+1.
We have constructed a sequence of nested closed balls Cn with qn /∈ Cn. The
centers of these balls form a Cauchy sequence, as their radii sn satisfy sn < 1/2
n
for n ≥ 1. Since the space is complete, the sequence of centers has a limit z, which
must be in the intersection of the balls. Also, z is not in A as z 6= qn for all n ∈ N.
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For the final condition, if x, y ∈ Cn, then
|f(x)− f(y)| ≤ |f(x)− f(pn) + |f(pn)− f(y)| <
1
2n
+
1
2n
=
1
2n−1
.
Now let B be the subset of X \ A consisting of all points z such that f is
continuous at z. If B is countable let A′ = A ∪ B. Then A′ is countable and
dense, so by the previous argument, there exists a point z in X \ A′ such that f
is continuous at z. But this contradicts the definition of B, therefore B must be
uncountable. 
If X consists only of isolated points and A is dense, then A = X . The theorem
also implies that a nonempty complete metric space with no isolated points must
be uncountable (consider a function constant on X \ {p} and with a different value
at p). It follows that positive-radius closed balls in X , as they are complete, must
be uncountable. Therefore, nonempty open balls in X are uncountable.
In the context of Theorem 1 we mention an interesting result that contrasts the
difference between continuity on a subset and continuity of the function restricted to
a subset. This is a consequence of theorems of Blumberg and Sierpinsky–Zygmund
(recent new proofs of these two theorems can be found in [4]). Every function
h : R → R has a dense set D ⊂ R so that the restriction of h to D is continuous
(Blumberg), but there exists one such function h such that for every subset S ⊂ R
that has the cardinality of R, the restriction of h to S is discontinuous (Sierpinsky–
Zygmund).
We now show that a small modification of the proof in Theorem 1 obtains
Volterra’s theorem [19] as strengthened by Gauld [8].
Theorem 2. Let X be a nonempty complete metric space without isolated points
and let f and g be two real-valued functions defined on X. If C(f) and C(g) are
dense, then C(f) ∩C(g) is an uncountable dense set.
Proof. Let G be an open set in X . Since C(f) is dense we can choose q1 ∈ C(f) and
δ1 > 0 so that B(q1, δ1) is in G and |f(x) − f(q1)| <
1
2
for all x ∈ B(q1, δ1). Since
C(g) is dense we can choose r1 ∈ C(g) ∩ B(q1, δ1) and δ
′
1 > 0 so that B(r1, δ
′
1) ⊂
B(q1, δ1) and |g(x)− g(r1)| <
1
2
for all x in B(r1, δ
′
1). Now choose C1 a closed ball,
of radius 1/2 > s1 > 0, contained in B(r1, δ
′
1).
The inductive step is similar. We can assume that by induction we have con-
structed a sequence (Cn) of closed balls, in G, and pn ∈ C(f), qn ∈ C(g) such
that
|f(x)− f(pn)| <
1
2n
and |g(x)− g(qn)| <
1
2n
for all x ∈ Cn.
There is a point z in the intersection
⋂
n
Cn so that the continuity condition holds
for both f and g at z. The argument for this is similar to the one in Theorem 1.
So z ∈ C(f) ∩C(g) and it is clear that z is also in G.
Now if C(f) ∩ C(g) were countable, say equal to the set {tn : n ∈ N}, we could
repeat the construction choosing Cn to avoid t1, . . . , tn. Then we would obtain a
point z different from the tn. 
4. Examples. Let X be a nonempty metric space without isolated points, and A
a countable subset of X such that Ac is dense. For example, if X is a nonempty
complete metric space without isolated points and A is any countable subset, its
complement is dense since nonempty open balls in X are uncountable. We show
5that there is a function on X that is discontinuous precisely on A. (As remarked
earlier, this is a special case of a theorem of Young, Lebesgue, and Hahn.) In fact,
write A = {qn : n ∈ N}. Define a function g on A by setting g(qn) = 1 + 1/2
n,
and when x is not in A let g(x) = 1. To show that g is continuous outside A let
x /∈ A and ε > 0. Choose n so that 1/2n < ε. Then choose δ > 0 so that the
ball B(x, δ) avoids the finitely many points q1, q2, . . . , qn−1. Now let y be a point
in B(x, δ). If y /∈ A, then g(y) = 1 = g(x), so |g(x) − g(y)| < ε. If y ∈ A, then
g(y) = 1+ 1/2m for some m ≥ n. So |g(x)− g(y)| = 1/2m < ε. Finally, to see that
g is not continuous on A we use that the complement of A is dense in X . For each
qn let 0 < ε < 1/2
n. We can choose y in Ac that is arbitrarily close to qn and such
that |g(qn)− g(y)| = 1/2
n > ε. Then g is discontinuous at qn.
The example also shows that one cannot hope to improve the theorem, as there
are functions that are continuous on an uncountable set but not the whole space.
If we restrict the domain of the function g to the case when X = R, then one
can verify that g is not differentiable at points in Ac (and of course also at points
in A). This is also holds for Thomae’s function; for modified Thomae’s functions
that are differentiable on a countable set of irrationals see [1].
We end by noting that the example above can also be modified to prove an
equivalent form of the Young-Lebesgue-Hahn theorem, which also has a proof in
Kim [7]. Let X be a nonempty metric space without isolated points. If A is a
countable union of closed sets, then there is a function g(x) which is discontinuous
exactly on A. Using Kim’s lemma in [7], we know that X has a dense subset D
whose complement is also dense in X . We modify g such that
g(x) =


1, if x /∈ A
1 + 1/2n, if x ∈ A and x ∈ D
1− 1/2n, if x ∈ A and x /∈ D
The proof that the modified function g is discontinuous only on A is similar to the
proof given in the example above.
Acknowledgments. The authors would like to thank Frank Morgan for comments
and suggestions. This started as a project by the second-named author in a real
analysis class taught by the first-named author.
References
[1] K. Beanland, J. Roberts, C. Stevenson, Modifications of Thomae’s function and differentia-
bility, Amer. Math. Monthly, 116 (2009), 6, 531–535.
[2] R. Bolstein, Sets of points of discontinuity, Proc. Amer. Math. Soc. , textbf38 (1973), 193–
197.
[3] J. Cao and D. Gauld, Volterra spaces revisited, J. Aust. Math. Soc., 79, 2005, 1, 61–76,
[4] Ciesielski, K. C., Mart´ınez-Go´mez, M. E., Seoane-Sepu´lveda, J. B., “Big” Continuous Re-
strictions of Arbitrary Functions Amer. Math. Monthly, 126, (2019), 547–552.
[5] W. Dunham, A historical gem from Vito Volterra, Mathematics Magazine, 63 (1990) 234–
237.
[6] C. Knapp, C. E. Silva, The uncountability of the unit interval: one proof is not enough,
(2014) https://arxiv.org/abs/1209.5119.
[7] S. S. Kim, A characterization of the set of points of continuity of a real function, Amer. Math.
Monthly, 106 (1999), 3, 258–259.
[8] D. Gauld, Did the Young Volterra Know about Cantor?, jMath. Mag., 66, 1993, 4, 246–247.
[9] Gauld, D. B., Piotrowski, Z., On Volterra spaces, Far East J. Math. Sci., 1, 1993, 2, 209–214.
6 SILVA AND WU
[10] Gauld, David, Greenwood, Sina, Piotrowski, Zbigniew, On Volterra spaces. II, Papers on
general topology and applications, Gorham, ME, 1995, , Ann. New York Acad. Sci., 806, New
York Acad. Sci., New York, 1996, 169–173.
[11] E. Hewitt and K. Stromberg, Real and abstract analysis. A modern treatment of the theory
of functions of a real variable, Springer-Verlag, New York, 1965.
[12] H. Hahn, Reelle Funktionen. I: Punktfunktionen. Leipzig, Akademische Verlagsgesellschaft
(Mathematik und ihre Anwendungen in Monographien und Lehrbchern, Bd. 13) (1932).
[13] H. Lee, Can a function be continuous only on rationals?, (2010)
https://holdenlee.wordpress.com/2010/04/26/can-a-function-be-continuous-only-on-
rationals/
[14] H. Lebesgue, Une proprie´te´ caracte´ristique des fonctions de classe 1, Bull. Soc. Math. France,
32, 1904, 229–242.
[15] J. C. Oxtoby, , Measure and category, Graduate Texts in Mathematics, 2, Springer-Verlag,
New York-Berlin, 1980, =x+106.
[16] D. L. Renfro, Re: References for Continuity Sets (2006),
http://mathforum.org/kb/message.jspa?messageID=5447961.
[17] K. Saxe, Beginning functional analysis, Undergraduate Texts in Mathematics, Springer-
Verlag, New York, 2002, xii+197.
[18] Silva, C. E., Invitation to ergodic theory, American Mathematical Society, Student Mathe-
matical Library, Volume = 42, Year = 2008,x+262.
[19] V. Volterra, Alcune osservasioni sulle funzioni punteggiate discontinue, Giornale Mat. 19
(1881), 7686.
[20] W. H. Young, Uber die Einteilung der unstetigen Funktionen und die Verteilung ihrer
Stetigkeitspunkte. Wien. Ber. 112, 1307-1317 (1903).
(Cesar E. Silva) Department of Mathematics, Williams College, Williamstown, MA
01267, USA
E-mail address: csilva@williams.edu
(Yuxin Wu), Williams College, Williamstown, MA 01267, USA
E-mail address: yw2@williams.edu
